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Abstract
A theoretical study has been carried out on delayed neutrons. Such neutrons are produced by β decay of neutron-rich ﬁssion
fragments. The average number of delayed neutrons is estimated based on the sum of the β-delayed neutron-emission probabilities
multiplied by the cumulative ﬁssion yield for each nucleus. Using the gross theory of β decay, the ability to theoretically reproduce
the β-decay rate and the delayed neutron emission probability is discussed.
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1. Introduction
Delayed neutrons play an important role in allowing nuclear reactors to be safely controlled, due to the delay that
occurs between neutron-induced ﬁssion events and their eventual emission. The average number of delayed neutrons
( νd ) is calculated as the sum of the delayed neutron emission probability (Pn) for each ﬁssion product multiplied
by the cumulative ﬁssion yield for the ﬁssioning nuclei. Therefore, in order to fully understand the delayed neutron
production mechanism, it is necessary to estimate Pn for each of the ﬁssion fragments involved. However, for some
nuclei, Pn has not been experimentally measured, and for many others, there is a large degree of uncertainty in the
measured values. Furthermore, νd shows a dependence on the original ﬁssion event, in terms of both the energy of
the incoming neutron and the nature of the ﬁssioning nuclide. At present, the reason for this dependence is still not
well understood. In addition, since in advanced nuclear reactors such as high burnup reactors, minor actinides with
higher atomic and mass numbers can contribute to the total decay process, much more data is required for nuclei that
have either not been measured or are only poorly measured. The emission of delayed neutrons is a phenomenon that
accompanies β decay. Theoretical studies of β decay are therefore required not only for understanding the fundamental
physics involved, but also from the viewpoint of reactor safety. Two important physical quantities that must be
considered when calculating νd are the ﬁssion fragment mass distribution and the delayed neutron probability. The
present study focuses on the second of these, and theoretically investigates delayed neutron emission as a consequence
of β decay.
There have been several recent theoretical studies on delayed neutrons. Kawano et al. [4] proposed a combined
microscopic and statistical approach focused on neutron energy spectra. McCutchan et al. [7] reported an improved
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method for estimating Pn, which took the half-life into consideration. In the present study, based on the gross theory
of β decay, which can describe the systematical properties of β decay and related quantities, the β decay strength
function is determined, which gives the decay rate and the decay probability.
In section 2, the summation method for evaluating the number of delayed neutrons is reviewed, and its current
status is considered. In section 3, β decay theory and the method for determining Pn are described. Section 4 discusses
the calculation results, and conclusions are provided in section 5.
2. Delayed neutrons
Two types of neutrons are emitted due to ﬁssion of actinides or minor actinides. The ﬁrst are referred to as
prompt neutrons, and are emitted immediately after the primary ﬁssion event. The second are delayed neutrons,
and are emitted following β decay of medium-weight neutron-rich ﬁssion fragments produced by the primary ﬁssion
event. The properties of delayed neutron as multiplicity and neutron-energy dependency should be understood by
accumulating of each delayed neutron emission. This is the essential idea behind the summation method. The average
number of delayed neutrons, νd, is expressed as the sum of the delayed neutron emission probability, Pn, multiplied
by the cumulative ﬁssion yield, Ycum, as
νd =
∑
i
PniYcumi. (1)
Here, the index i represents individual nuclei, and the sum is performed over all relevant nuclei.
Brady and England [1] made the ﬁrst pioneering attempt to apply the summation method to delayed neutrons.
They performed a summation calculation using experimentally determined Pn values, where available. For nuclei for
which there was no experimental data, Pn was determined empirically using
Pn = a
[
Qβ − S n
Qβ − K
]b
,
Qβ : β-decay Q value
S n : Neutron separation energy
of daughter nucleus
(2)
This is known as the Kratz-Herrmann formula, and has adjustable parameters a and b, and an even-odd correction
function, K. They reported that although the summation method works qualitatively, there are still problems because
the physics involved in ﬁssion and neutron-rich nuclei is complicated and still not fully understood.
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Figure 1. (a) Measured delayed neutron emission probabilities. (b) Cumulative ﬁssion yield for 235U +nthermal.
Figure 1(a) shows experimentally determined Pn values taken from the Evaluated Nuclear Structure Data File
(April 2012 version). Figure 1(b) shows evaluated cumulative ﬁssion yields, Y , for the case of interaction between
235U and a thermal neutron (nthermal), taken from the JENDL Fission Product File (2011 version) [3]. To carry out the
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Table 1. νd for delayed neutrons determined using diﬀerent methods. Directly-measured νd is also shown.
nthermal nfast n14MeV
233U 235U 239Pu 233U 235U 238U 239Pu 233U 235U 238U 239Pu
Brady &
England (1989) 0.97 1.78 0.76 0.90 2.06 4.05 0.68 0.70 1.09 2.76 0.38
Sum of
Pnexpi × Ycumi 0.68 1.70 0.72 0.62 1.65 3.77 0.62 0.64 1.16 2.51 0.51
Direct meas.
Tuttle (1979) 0.67 1.62 0.63 0.73 1.67 4.39 0.63 0.42 0.93 2.73 0.42
summation method, the Pn values for all nuclei in the ﬁssion yield region are required. However, from Fig. 1, it can
clearly be seen that measured Pn values are still not available for large parts of the ﬁssion yield region.
Table 1 shows νd values determined using diﬀerent methods for the case of ﬁssion induced by thermal, fast, and 14
MeV neutrons. The units are number of neutrons per 100 ﬁssion events. The ﬁrst row shows values published by Brady
and England [1] using experimental data available at the time. The second row shows the results of the summation
method using recent data. The third row shows directly measured νd values [12]. Although there is reasonable
agreement between the results obtained using the summation method and the directly measured values, considerable
discrepancies still exist. This indicates that more accurate values for Pn and Ycum are required. In the case of nuclei
for which this data is diﬃcult to obtain experimentally, it is important to carry out theoretical estimations.
For the case of uranium ﬁssion induced by thermal neutrons, Table 2 lists the daughter nuclei and their isotopes
that give the four largest Pni×Ycumi values. The ﬁnal column shows the directly measured νd values. From this table, it
can be seen that 137I, 94Rb, and 89Br make an important contribution to νd. Note that both Pn and Ycum have logarithmic
changes with varying isotopes, which implies that the largest part of νd is associated with only a few isotopes. Thus,
accurate data for these nuclei are required to obtain good estimates of νd.
Table 2. First four largest Pni × Ycumi values for uranium ﬁssion products. The nuclide and number of neutrons is also shown. The ﬁnal column
lists directly measured values for νd.
1st 2nd 3rd 4th νd
233U+nth 137I, 0.117 89Br, 0.085 94Rb, 0.064 90Br, 0.057 0.67
235U+nth 137I, 0.219 94Rb, 0.178 89Br, 0.150 86As, 0.147 1.62
239U+nth 137I, 0.173 94Rb, 0.076 138I, 0.071 89Br, 0.048 0.63
3. Theory of the β decay
3.1. General properties
In the standard β-decay theory, the decay rate is the sum of partial decay rates, λΩ, whereΩ is the β-decay operator.
Taking into account the allowed and ﬁrst forbidden transitions, the total β-decay rate is expressed as
λβ = λallowed + λﬁrst−forbidden (3)
= λF + λGT + λ
(0)
1 + λ
(1)
1 + λ
(2)
1 ,
where the components on the right-hand side represent the decay rate associated with Fermi transitions, Gamow-Teller
transitions, and ﬁrst forbidden transitions with a rank L = 0, 1, and 2, respectively. As shown in Table 3, the type of
decay can be classiﬁed by the change in spin and parity between the parent and daughter nuclei.
In the usual approximation, each decay rate can be written in terms of the nuclear matrix elements, |MΩ(E)|, which
can be calculated in the framework of nuclear structure theory, and the integrated Fermi function, f , which represents
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Table 3. Types of β decay and change in spin and parity.
changeTransition Type
spin Δl parity Δπ
Fermi 0Allowed
Gamow-Teller 0, ± 1 (0 0) No
1st non-unique 1st 0, ± 1
Forbidden unique 1st ±2 Yes
2nd non-unique 2nd ± 2
Forbidden unique 2nd ± 3 No
the distortion of the wave function due to the Coulomb force. These rates can be expressed as
λF =
m5ec
4
2π37
|gV|2
∫ 0
−Qβ
|MF(E)|2 f (−E)dE
λGT =
m5ec
4
2π37
|gA|23
∫ 0
−Qβ
|MGT(E)|2 f (−E)dE
λ(2)1 =
m5ec
4
2π37
(mec

)2
|gA|2
∫ 0
−Qβ
∑
i j
|Mij(E)|2 f (−E)dE
λ(1)1 =
m5ec
4
2π37
(mec

)2 ⎡⎢⎢⎢⎢⎣|gV|2
∫ 0
−Qβ
|Mr(E)|22 f1V(−E)dE
+|gA|2
∫ 0
−Q
|Mσ×r(E)|2 f1A(−E)dE
]
λ(0)1 =
m5ec
4
2π37
(mec

)2
|gA|2
∫ 0
−Qβ
|Mσ·r(E)|2 f1A(−E)dE.
(4)
Here, me is the electron mass, c is the velocity of light,  is the reduced Planck constant, and gV and gA are the vector
and axial vector type coupling constants for the weak interaction, respectively. The integral is performed from −Qβ
to 0, where Qβ is the total (maximum) energy diﬀerence between the ground states of the parent and daughter nuclei,
i.e., the β-decay Q-value.
The emission of delayed neutrons is a phenomenon that accompanies β decay. Figure 2 shows a schematic illustra-
tion of the β decay and delayed neutron emission processes. In β decay, a nucleus decays from the parent ground state
to a particular daughter state. If the neutron separation energy for the daughter nucleus, S n, is smaller than Qβ, the
nucleus can emit a neutron with an energy from 0 to Qβ − S n, measured from the ground state of the parent nucleus.
In this case, the delayed neutron emission probability is calculated by integrating from the threshold energy to the
ground-state energy of the parent nucleus:
Pn =
C
λβ
∫ 0
−Qβ+S n
|M(E)|2 f (Z,−E) Γn
Γn + Γγ
dE (5)
where C is a constant related to the coeﬃcients outside the integrals in Eq. (4). The decay width Γ is introduced to
express the competition between neutron emission and gamma decay from excited states.
As shown in Eqs. (4) and (5), the nuclear matrix elements and the integrated Fermi function are required for
this calculation. Although the latter can easily be obtained numerically, the nuclear matrix elements are diﬃcult to
determine because of the complexity of nuclear many-body problems involving complicated nuclear forces. Two
kinds of theoretical approaches are generally used to determine the matrix elements. The ﬁrst is a ’microscopic’
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Figure 2. Schematic illustration of β decay and delayed neutron emission.
approach known as the quasi-random phase approximation (QRPA), as employed by Kawano et al. [4]. The other is a
’macroscopic approach’ known as the gross theory (GT), which is discussed in the next subsection.
3.2. Gross theory
The gross theory is constructed under a consideration that the sum of strengths of the transition from the initial
state to the sum of the ﬁnal states in the quantum mechanics. β decay also obeys such a summation (and an energy-
weighted summation) rule. The following are the general relations for the nuclear matrix elements of the Fermi
transition: ∫ ∞
−∞
|M(E)F|2 = 1∫ ∞
−∞
E|M(E)F|2 = ±ΔEC∫ ∞
−∞
E2|M(E)F|2 = σC2, (6)
where ΔEC is the diﬀerence in Coulomb energy between the parent and daughter nuclei, including the diﬀerence
in mass between a neutron and hydrogen, and σC is the energy dispersion of the nuclear matrix element due to the
Coulomb force. Similar relations can be obtained for the other transitions.
In the gross theory, a single-particle strength function, DΩ, is introduced, and the nuclear matrix element can be
written as
|M(E)|2Ω =
∫ max
min
DΩ(E, )W(E, )
dn1
d
d (7)
where  is the single-particle energy of the decaying nucleons, and E is the transition energy measured from the parent
state. The function W(E, ) is a weighting function to take into account the Pauli exclusion principle, and dn1/d is the
single-particle energy distribution for the decaying nucleons. The explicit derivation of Eq. (7) is reported by Koyama
et al. [6]. The single-particle function D(E, ) is smooth and satisﬁes both the summation and energy-weighted
summation rules in the same manner as |M(E)|2. This is the central concept underlying the gross theory.
The gross theory has been successful in describing β decay for the entire nuclear mass range [8, 9]. In particular,
treating forbidden transitions in the microscopic framework is quite diﬃcult, and until recently, only the gross theory
has been capable of considering such transitions. However, the parameters and functions used in the gross theory
have been optimized for the total decay rates, and not for the delayed neutron emission probabilities. Simultaneous
optimization may be diﬃcult, as will be discussed brieﬂy in the next subsection. In the remainder of this paper, we
adopt the original gross theory [11] with an improved pairing correction [5].
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3.3. Analysis of delayed neutron emission probability
Calculating of total decay constant and delayed neutron probability are similar in expression as in Eq. (4) and Eq.
(5). However, Eq. (5) is expressed in terms of the total decay rate λβ. To remove the eﬀect of the total decay rate, the
following quantity is deﬁned:
Pnλβ ≡ Pn0 ∼
∫ 0
−Qβ+S n
|M(E)|2 f (−E)dE. (8)
In the derivation from Eq. (5), we neglect the gamma decay width. This deﬁnition was also presented in Reference
[7]. Hereafter, we consider Eq. (4) and Eq. (8). These two equations are almost identical, except for the diﬀerence in
the integration range, which causes the diﬀerent contribution of a component of the integrand to the two total integral.
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Figure 3. (Top): Squared nuclear matrix elements for Fermi (F), Gamow-Teller (GT), and ﬁrst forbidden (1st) transitions. (Middle): Product of
squared nuclear matrix element and integrated Fermi function on logarithmic scale. (Bottom): Same as middle panel but on linear scale.
Figure 3 shows the squared matrix elements |M(E)|2, and |M(E)|2 f (−E) for 137I. The top panel shows |M(E)|2 on
a logarithmic scale. A discontinuity appears at about −2.8 MeV due to the paring energy gap, and a pulsed structure
appears close to the ground state (far left in the ﬁgure), which represents a discrete component due to the eigenstate
and some correction of the quantum solution [6]. Regarding the matrix element, the ﬁrst-forbidden transition gives
larger amount component compared with the allowed transition. The middle panel shows the decay rate components
on a logarithmic scale. Over the entire energy range, the decay rate associated with Gamow-Teller transitions is seen
to be higher than that for the other transitions. This is due to the diﬀerent form of the strength function for Fermi
transitions, and in the case of forbidden transitions, to the additional factor (mec/)2 in Eq. (4), which has a value
of approximately 10−7. For the total decay rate, the integration is performed over the entire energy range, and the
largest contributions are at energies close to the ground state. On the other hand, the integration to determine the
delayed neutron emission probability is only performed over the higher energy range −Qβ+S n (the vertical line in the
ﬁgure) to 0. Since the absolute values of the integrand in this energy range are small, this integral does not contribute
strongly to the total decay rate. This means that variations in the matrix elements associated with higher excited states
for delayed neutrons are not expected to signiﬁcantly aﬀect the total decay rate. The original gross theory is mainly
concerned with the total β decay rate, and is not optimized to take delayed neutrons into consideration.
Under these consideration, we survey systematical properties of both of total decay constant and delayed neutron
in the nuclear mass region, and some results are given in the next section. The accuracy of the theoretical calculations
is increased by ﬁrst improving the single-particle strength function for delayed neutrons. In addition, we modiﬁed
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quantities related to the nuclear shell structure as the nuclear matrix element and the level density at energies close to
the ground state.
The factor describing competition between neutron emission and gamma decay in Eq. (5) is treated as unity in the
following results. This competition will be considered in more detail using the decay evaluation code CCONE ([2]).
In the method we perform overall calculation in the neutron-rich nuclei for the β-decay rate, λβ, and delayed
neutron probability, Pn.
4. Results and discussion
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Figure 4. Ratio of experiment to calculated values: (a) half-life, Tβ, and (b) delayed neutron emission probability, Pn.
Figure 4(a) shows the ratio of the calculated half-lives to the experimental ones. The log10 root-mean-square
(RMS) deviation is 0.70, which corresponds to a ratio of about 5 or 1/5, and is indicated by two horizontal lines of
0.70 and −0.70. The largest amount of scatter is seen for low Q values. The results for Pn are shown in Fig. 4(b).
The log10 RMS deviation is 0.54, which corresponds to a ratio of 3.5 or 1/3.5. Again, the largest amount of scatter
is seen at low Q values, but it is not as severe as in the case of the half-lives. The Q-values dependency is rather
clear in this plot, however other notable features including the even-odd eﬀect classiﬁed in both ﬁgures are unclear.
Figure 5(a) is an intensity map of the same theoretical to experimental half-life ratio plotted in the N-Z plane. There
are three underestimated regions located around (Z = 20, N = 28), (50 < N < 60, 28 < Z < 40), and (Z = 82,
N = 126), which are outlined in the ﬁgure. These are in regions of nuclear shell closure with 20, 28, 50, or 82
neutrons or protons. This indicates that a kind of improvement based on the shell structure is rather more important.
In the gross theory, the nuclear matrix element is made up of the single-particle strength function D(E, ), the single-
particle energy distribution dn1/d, and the Pauli excision principle function W(E, ), as shown in Eq. (7). Although
each would be aﬀected by some modiﬁcations under the consideration of the shell structure, a change in dn1/d is
expected to yield more accurate half-lives because this term is derived from the conventional Fermi gas model (no
shell structure) in the current version of the gross theory. An improvement to the single-particle strength function
would partly contribute to the reproduction.
Figure 5(b) shows the corresponding results for Pn0, as deﬁned in Eq. (8). There are two overestimated regions
located at (30 < Z < 40, 50 < N < 70) and (Z < 50, 82 < N). The ﬁrst of these is diﬀerent to any of the three
underestimated regions for Tβ, and this discrepancy seems to be caused by nuclear collective structure as nuclear
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Figure 5. Intensity map of theoretical to experimental half-live ratios in the N-Z plane: (a) Half-life Tβ, (b) Pn0 deﬁned in Eq. (8).
deformation, which is not taken into account in the original gross theory and have been only considered through the
change of Q value. This information is expected to be useful for modiﬁcation of the strength function in the highly
excited energy region, which is just ’south-east’ of the doubly-magic nucleus, 132Sn. This discrepancy can not be
divided easily in the current analysis, and a more precise investigation is required.
Table 2 showed some important isotopes for determining the number of delayed neutrons. For some of the these
nuclei, the present numerical results for Pn0 are overestimated. The modiﬁcation discussed in this section would be
expected to improve the estimated average number of delayed neutrons.
5. Conclusion
A theoretical investigation of delayed neutrons produced by β decay was carried out. Using the gross theory of
β decay, the total β decay rate and the delayed neutron emission probability were examined, particularly from the
viewpoint of the strength function. It was shown that these two quantities could be roughly separated by considering
the energy dependence of the strength function. Diﬀerences between the experimental and calculation results were
evaluated, and systematic divergences thought to be related to the nuclear shell structure were discussed. It is consid-
ered that modiﬁcations related to nuclear shell closure and nuclear collective motion would improve the estimation of
the total β decay rate and the delayed neutron emission probability, respectively.
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